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Abstract 

The identical relations among the transverse parts of variant vertex functions 
are derived by computing the curl of the time-ordered products of three- 
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point Green functions involving the vector, the axial- vector and the tensor 

q ■ current operators, respectively. These transverse relations are coupled each 

^H ! 

ON ■ other. Combining these transverse relations with the normal (longitudinal) 
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c| ■ Ward-Takahashi identities forms a complete set of constraint relations for 
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q- three-point vertex functions. As a consequence, the full vector, the full axial- 

SZ • vector and the full tensor vertex functions in the momentum space are exactly 
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In quantum field theory symmetries lead to relations among the Green functions of 
the theory, which are referred to as the Ward-Takahashi(W-T) identities [1]. They play an 
important role in proving renormalizability and in providing a consistent description in the 
perturbation approach of any quantum field theory. But the normal W-T identities specify 
only the longitudinal part of Green functions, leaving the transverse part undetermined [2]. 
Therefore, to obtain the complete constraint on the vertex functions and then to obtain the 
full vertex functions we need to study the W-T type's constraint relations for the transverse 
parts of variant vertices, which is of great significance. In this regard, an very interesting 
problem relates to the Dyson-Schwinger equation(DSE) approach[3]. 

The Dyson-Schwinger equations embody the full structure of any field theory and con- 
sequently provide the natural way to study the dynamics such as describing the dynamical 
chiral symmetry breaking, confinement and other problems of hadronic physics [4]. The 
structure of DSEs is such that they relate the n-point Green function to the (n+l)-point 
function; at its simplest, propagators are related to three-point vertices, thus leading to an 
infinite set of coupled equations. Therefore, one has to find some way to truncate this set of 
equations. If we can express the full three-point vertices in terms of the two-point functions, 
these equations will form a closed system for the two-point functions. How to solve exactly 
the transverse part of the vertex and so the full vertex function then becomes a crucial and 
open problem [2]. Up to now this open problem has not been solved yet. Although there 
have been several attempts to construct the transverse part of the vertex by Ansatze which 
satisfies some constraints [2] [5], however, all of Ansatze remain ad hoc but without consid- 
ering the constraint imposed by the symmetry of the system. The latter is the key point to 
understand the transverse part of the vertex as in the case of the longitudinal part of the 
vertex. 

In this letter we first present the W-T type's identical relations among the transverse 
parts of variant three-point vertex functions in gauge theories, which are derived by com- 
puting the curl of the time-ordered products of three-point Green functions involving the 
vector, the axial- vector and the tensor current operators, respectively [6], and then derive 



the transverse and the full vertices by using these transverse and the normal (longitudinal) 
W-T relations. This approach is motivated by the fact that the normal W-T identities 
which specify the longitudinal part of Green functions have been derived by computing the 
divergence of the time-ordered products of corresponding Green functions[7]. We find three 
sets of transverse W-T type's relations for the vector, the axial-vector and the tensor ver- 
tex functions, respectively, which are coupled each other. These relations are given in the 
coordinate space as well as in the momentum space. The latter form is partically useful. 
Combining these transverse relations with the normal (longitudinal) W-T identities for the 
vector, the axial-vector and the tensor vertex functions leads a complete set of W-T type's 
constraint relations for the fermion's three-point functions. As a consequence, the full vec- 
tor, the full axial-vector and the full tensor vertex functions in the momentum space are 
then consistently and exactly deduced by solving this complete set of W-T relations in the 
momentum space without any Ansatze. 

Let us first briefly describe the basic approach of computing the curl of the time- 
ordered products of the fermion's three-point functions involving the vector, the axial- 
vector and the tensor current operators, respectively. For the convenience, we introduce 
three bilinear covariant current operators: V x ^ v {x) = |-^(x)[7 A , a^ v ]ip(x) = i(g Xfl j u (x) — 
g Xv f{x)) , K>» = i^)[7V M l75^) = i(g X »j%(x) - g Xu j£(x)), and V x ^ a (x) = 
i^(x)([7 A ,a^]7 a - 7 a [7 A ,CT^])V>(a;) = g x> *f a (x) - g Xu f a (x), where f(x) = i)(x)^ip{x) 
i Jb{ x ) = '4 , { x )l^l'o''P{ x )-i an d j^ u {x) = ifj(x)a fiu 'i/j(x). Thus the curl of the T-product of 
the corresponding fermion's three-point function is given by d^T(V x ^ u (x)if)(xi)ijj(x2)) or 
d%T(V 5 ^ (x)ip(xi)tjj(x2)) or dxT(V x ^ va (x)ip(xi)tjj(x2)), where <9f denotes the derivative op- 
erator with respect to the argument x. In terms of the definition for the time-ordered 
product of fermion fields and the equal-time anticommutation relations for fermion fields, 
it is not difficult to carry out the above differential operations. The procedure is similar to 
that for deriving the normal W-T identities [7]. We thus find the following covariant identical 
relations in the operator form: 



d^T(f(x)i;(x 1 )i;(x 2 )) - d v x T{f{x)^{x 1 )^{x 2 )) 
-- ta^T{^{x 1 )ij{x 2 ))5\x 1 -x) + iT(^(x 1 )^(x 2 ))a llv 8 A (x 2 - x) 
+T$(x)(<T IJV ip x -ifl x cr^MxWMJfa)) 
+ \imi(d x x - di)T^(x')e x ^ lp ^U P (x\x)^(x)^(x 1 )^(x 2 )), (1) 

X'—*X 

d^T(f 5 (x)i;(x 1 )i,(x 2 )) - dZTUgixWMJM) 
ia^ lb T{^{x l )i;{x 2 ))8\x 1 - x) - iT(ij(x 1 )^(x 2 ))(j^ lb 8 i (x 2 - x) 
-T(i>(x)(ip x a^ 75 + ia^^p x )^(x)i;(x 1 )ij(x 2 )) 
+ limz(^ - dt )T(^)e x ^"j p U P (xf,x)if;(x)i(;(x 1 )^(x 2 )), (2) 



and 



W'W^W) - diT{r{x)i>{xM{x 2 )) 

= e^ af 'j pl5 T(^(x 1 )^(x 2 ))S\x 1 - x) - T^(xMx 2 ))e^ ap lpl5 5\x 2 - x) 

-T^(x)e^(p x 7P 75 + -yp-ysPsMxMxMM) 

- lim (d x x - df()T(^(x')e XlJ ' va lb Up(x' , x)if(x)if(x 1 )^(x 2 )) 

X'—*X 

-lim(fl£ + d^)T(tP(x')a^Up(x',x)ij(x)ij(x 1 )iP(x 2 )), (3) 

x'— *x 

where D^ = <9 M + igA^ and D^—d^ —igA p are coveriant derivatives with g = e and A^ 
being the photon field in QED, and g = g c and A p = A a T a in QCD with A a being the 
gluon field and T a being the generators of SU(3) C group. The wilson line Up(x',x) = 
P exp(—ig J x dy p A p (y)) has been introduced in order that the current operators in the last 
term of Eqs.(l)-(3) be locally gauge invariant. 

Taking into account the equations of motion for fermions with mass m : (tip — m)ip = 0, 
^(iJp +m) = 0, which have the same form for both QED and QCD with the notation for 
covariant derivatives given above, we arrive at the identical relations among the transverse 
parts of the fermion's three-point functions in gauge theories(in coordinate space): 
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x 2 — x) 



Tip(x)a^i(j(x)^(x 1 )^(x2) 



+ limi(3;-0f)eWo T^(x / )7p7 5 f/p(x',x)^(x)^(x 1 )^( a ; 2 ) o) , 
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Tj^(x)ip(x 1 )i^(x 2 ) 
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Tj^{x)^(x 1 )^{x 2 ) 



ia^m (0 \TiP(x 1 )ip(x 2 )\0) 8 i {x l -x)-i(o \t^{x 1 )^{x 2 )\^) a^7 5 <5 4 (x 2 - x) 
+ \imi{d x x -df)e x ^ p (0 Tij{x')-f p Up{x',x)^{x)^{x l )^{x 2 , 
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7 P 75 (0 \T4>( Xl )i>(x 2 )\ 0) 5 4 (x! - x) - (0 |T^(x!)^(a; 2 )| 0) ^ Qp 7 P 75^2 - x) 
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lim (d£ + 0£) (0 T^(a;>^£/p(^x)V>(aOV'(si)V'(z2; 







(6) 



where the vacuum expectation values have been used. Eqs.(4)-(6) are valid for both QED 
and QCD. 

The transverse relations can be written in more clear and elegant form in the momen- 
tum space. By computing the Fourier transformation of Eqs.(4)-(6), respectively, and using 
the standard definition for the three-point functions in momentum space, we get the iden- 
tical relations among the transverse parts of variant fermion's three-point functions in the 
momentum space: 

iq^v(P^2)-iq v K{ Pl ,p 2 ) 
= S F \ Pl )a^ + <J^S F \p 2 ) + 2mrp( Pl ,p 2 ) 

+(Pix+P2x)e x ^r Ap ( Pl ,p 2 ), (7) 



iq^A(Pi,P2)-iq^1(Pi,P2) 

S F \pi)^ v l, - o^^S F \p 2 ) + (p u +p 2 x)e x ^T Vp ( Pl ,p 2 ), 



(8) 



and 

gT^Cpi.Pa) + «"ir(Pi,ft) + ^iTCPi.ft) 

= -^(Pi^'Vfe + ^"^^(pa) + (Pu +P2A)£ A ^ Q r 5 ( Pl ,p 2 ), (9) 

where q = p\ — p 2 , T v , F A , T^ and Ts are the vector, the axial- vector, the tensor and the 
psudo-scalar vertex functions in momentum space, respectively, and Sf{pi) is the complete 
propagator of fermion. The third term of the left-hand side of Eq.(9) comes from the Fourier 
transformation of the last term in Eq.(6). 

To understand the physics implication described by Eqs.(7)-(8) more clearly, we multiply 
both sides of Eqs.(7) and (8) by iq v and then move the terms proportional to q v Y v and q v T u A 
into the right hand side of the equations, we thus have 

q 2 K(PuP2) = q^q^v(Pi,P2)) + iS^ip^q^ + iq^ u S F \p 2 ) 

+2imq u T T "(p 1 ,p 2 ) + i(p lx + p 2 x)q u e x ^ p T Ap ( Pl ,p 2 ), (10) 

q 2 T p A (p u p 2 ) = q^T A ( Pl ,p 2 )) + tS F 1 (p 1 )q,a^ l5 - iq u o^ lb S F \p 2 ) 

+i{pix+P2x)quE^ up T Vp {p u p 2 ). (11) 

Now writing the full vertices, T v and T A , as 

Ty(pi,p 2 ) = T v{L) (p 1} p 2 ) + T v{T) (p 1} p 2 ), (12) 

ri(pi,P2) = r^ (L) (pi,p 2 ) + r^ (T) (p!,p 2 ), (13) 

we then obtain from Eqs.(9) and (10): 

K(L)(PuP2) = q- 2 q p (quT v ( Pu P2)), (14) 

r v{T) ( Pl ,p 2 ) = q- 2 q v [iS F \pi)^ + ia pv S F \p 2 ) + 2imV^ ( Pl ,p 2 ) 

+i(pix+P2x)e x ^r Ap ( Pl ,p 2 )), (15) 



and 

r A(L)(Pi^2) = q-V(q^ A (Pi,P2)), (16) 

IV)(pi,P2) = (TV^VK^s - ^ItSjipt) + i(pi A + p 2 A)e A ^r yp ( Pl ,p 2 )]. (17) 

By using the antisymmetry property of a^ u and e Xilvp , it is easy to check that q^viT) = 
and g M r^/ T N = 0, that is, ^y-(T) anc ^ ^a<t) are indeed the transverse components. Note 
that ^v(T) an d ^a(t) are J us ^ the r ight side of Eq.(7) and Eq.(8), respectively, except the 
factor iq~ 2 q v . Therefore Eqs.(7) and (8) (and the corresponding expressions in coordinate 
space, Eqs.(4) and (5)) describe respectively the relations among the transverse part of the 
vector and the axial- vector vertex functions and other Green's functions. Eqs.(4) and (7) 
show that the transverse part of the vector vertex function is related to the inverse of the 
fermion propagator, the tensor vertex function and the axial-vector vertex function, while 
Eqs.(5) and (8) show that the transverse part of the axial- vector vertex function is related to 
the inverse of the fermion propagator and the vector vertex function. Thus, the transverse 
parts of variant vertex functions are coupled each other. As a result, the full vector and 
the full axial-vector vertex functions are also coupled each other and form a set of coupled 
equations, which is described by Eqs.(10) and (11). The constraint relation (9) can be 
similarly discussed. 

In Eqs.(10)-(16), q^Ty and q^T^ satisfy the normal Ward-Takahashi identities: 

q,K(PuP2) = S F \ Pl ) - S F \p 2 ), (18) 

1^(pi,p 2 ) = ^ 1 (pi)7 5 + l$Sp l (p 2 ) - 2imT 5 (p 1 ,p 2 ), (19) 

Besides these two identities, we also need the W-T identity for the tensor vertex function, 
q u Tjf. By the procedure similar to that of deriving Eqs.(18) and (19), we find 

iq u r^( Pl ,p 2 ) = s F \ Pl )r + rs' F \ P2 ) + 2mr> v (p 1 ,p 2 ) + (p? + p£)r s (p 1 , P2 ), (20) 

where T$ is the scalar vertex function. 



Now we have the normal Ward-Takahashi identities describing the longitudinal part of 
the three-point vertex functions, given by Eqs.(18)-(20), and the identical relations among 
transverse parts of variant three-point vertex functions given by Eqs.(7)-(9), which form a 
complete set of constraint relations(Ward-Takahashi type's relations) for variant three-point 
vertex functions in gauge theories. As a consequence, we can consistently write the full 
vertex functions, T v , T A and Yjf in terms of this complete set of relations without any 
Ansatze. 

In fact, by substituting Eq.(ll) into Eq.(lO) and using Eqs.(18)-(20), it is not difficult 
to obtain the full vector-vertex function: 

ry(pi,p 2 ) = r£ (L) (pi,p 2 ) + r£ (T) (pi,p 2 ) (21) 

with 

K(L)(Pi,P2) = q-V(S^( Pl ) - S F \p 2 )), (22) 

iy (T) (pi,P2) = (q 2 + (P1+P2) 2 - 4m 2 - ((pi +pa) • <z)V 2 ) -1 

x{{S- F \pi) - S F \p 2 ))[Am 2 q» + q»(( Pl + p 2 ) ■ q) 2 q~ 2 - (p? + p 2 l )(p 1 + p 2 ) ■ q}q 

+(S* 1 (pi) + S F \ V2 ))( Vl + V » - q»( Pl +p 2 ) ■ qq- 2 ) 

+iS F l {p 1 )a^q v + ia^q u S F \p 2 ) 

+i(S F \ Pl )a» x - <J^S F \p 2 ))(p lx +p 2X ) 

+i{S F \ Pl )o x » - <J Xv S F \p 2 ))q v {p lx +p 2X )qy- 2 

-i{S F \ Pl )o^ - ^S F l { P2 ))q v { Pl+P2 ) ■ qq' 2 

+2m(S F \ Pl )r + l»S F \p 2 ) - q»( Pl + p 2 ) ■ qq- 2 T s ( PltP2 ))}, (23) 

Similarly, by substituting Eqs.(21)-(23) into Eq.(ll) and using Eq.(19), we can write the 
full axial-vector vertex function as 

r£(pi,P2) = ri (L) (p 1; p 2 ) + r» A{T) ( Pl , P2 ) (24) 

with 



2 



rl( L )(pi,P2) = q'YiS^ipiH + l,S' F \p 2 ) - 2imr 5 (p ltP2 )), (25) 



2 -2\-l 



r !4(T)( pi ' P2 ) = ( q +(^1+^2) -4m -((P1+P2) -q) q ) 



2„-2\ 



x{z(5^ 1 (pi) 7 5(r' tt/ - a^ l5 S F \p 2 ))q u (l - Am-q 
-i{Sp\ Pl ) lb a^ + a^l,S- F \p 2 ))q v ( Pl + p 2 ) ■ qq 



2 



+^(^ 1 (Pl)75^ A + ^ A 75 ^ 1 b2))(PlA +P2A) 

+i(S F - 1 (pihs<r Xl ' + ^^(^Mpia +P2x)q tM q~ 2 

+i(S F - 1 (Pih 5 cr Xu - <y Xu i,S F \p 2 ))q v (p l x+V2xW 1 +P 2 l - q il (Pi+P2) ■ <?g- 2 )<T 2 

+2^m(^ 1 (p 1 ) 7p + 7p^ 1 (P2))£ A ^ p (piA+P2A)^}. (26) 

We see that the full vector and the full axial-vector vertex functions are now expressed in 
terms of two-point functions (fermion propagators) and the scalar and the pseudo-scalar 
vertex functions, respectively. In the chiral limit, the latter two vertex functions will have 
no contribution. 

Finally, by using Eqs.(9) and (20) we can get the full tensor vertex function: 

q 2 T^( Pl ,p 2 ) = iS F 1 (p 1 )(q^Y ~ q u Y) + i(q"Y - ^VWfo) 

+2im(q»r» v ( Pl ,p 2 ) - q v V v { Pl ,p 2 )) + i[q»(p» + f 2 ) - q v {p>i + p^}r s ( Pl ,p 2 ) 
-S F \p l )e^ ap q alpl , + e^ ap q alplb S F \p 2 ) + (p u + p 2 x)q a e Xa ^T 5 ( Pl ,p 2 ), (27) 

where Yy is given by Eqs.(21)-(23). 

Some comments are given as follows: 

(i) The constraint relation for the transverse part of the vector vertex function given by 
Eqs.(4) and (7) involves the mass term arising from the equations of motion. This situation 
is similar to the case for the normal Ward-Takahashi identity for the axial- vector vertex(see 
Eq.(19)) due to the partial conservation of axial-vector current (PCAC). On the contrary, 
the constraint relations for the transverse part of the axial-vector vertex function given by 
Eqs.(5) and (8) have no mass term, which is similar to the case for the W-T identity for the 
vector vertex function(see Eq.(18)). 

9 



(ii) The transverse relations for the three-point functions given by Eqs.(4)-(9) have been 
derived in the classical QED and QCD. It remains to show if these identical relations are 
modified by higher-order correction terms in perturbation theory. It is well-known that 
the normal W-T identity for the axial- vector vertex, given by Eq.(19), is modified due to 
the Adler-Bell-Jackiw anomaly [8]. As a result, the W-T identity for axial- vector vertex 
function, given by Eq.(19), should add the anomaly term contribution. By applying the 
approach for deriving ABJ anomaly [8] [9] to the present case, we find that the ABJ anomaly 
does not contribute to the transverse relations, Eqs.(4)-(9). The modification by higher- 
order correction does happen to the tensor vertex term due to the renormalization of the 
tensor current operator, which leads to the appearance of anomalous dimension in the tensor 
vertex term. 

(iii) In the chiral limit the full vertex functions, Ty and T^, are expressed in terms of 
the two-point functions (fermion propagators) only. Applying these results to the Dyson- 
Schwinger equations will lead to that these equations form a closed system for the two-point 
functions in QED and classical QCD case. In QCD case we usually consider the vertex func- 
tions involving the current operators, j^(x) = ip(x)'y^^ip(x) and j£ (x) = ?/> (2)7^75 4^-0 (a;) , 
respectively, where A a are flavor generators. In such case, the relative results of present 
work will be simply modified just by putting 4r into the suitable position in each term of 
the correspoding identical relations. For the case of effective QCD with Faddeev-Popov 
ghost fields, there appear to be more vertices. The constraint relations among transverse 
parts of these new vertices and the full vertices need to be studied further. 

In summary, we have derived the Ward-Takahashi type's identical relations among the 
transverse parts of variant fermion's three-point vertex functions in the coordinate space as 
well as in the momentum space. These transverse relations together with the normal (lon- 
gitudinal) Ward-Takahashi identities form a complete set of W-T type's constraint relations 
for three-point vertex functions. As a consequence, the full vector, the full axial-vector and 
the full tensor vertex functions in the momentum space have been consistently and exactly 
deduced in terms of this complete set of W-T relations. It can be expected that these full 

10 



vertex functions are very useful to the nonperturbative study of gauge field theroy using the 
Dyson-Schwinger equation approach and its application to hadronic physics. 
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